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Abstract

Bayesian nonparametrics provide a theoretically well-founded framework to construct ma-
chine learning models by convenient incorporation of modeling assumptions. In this paper we
develop a Bayesian Nonparametric Ensemble (BNE) that not only provides a flexible way to
weight different underlying models in an ensemble according to the strengths of each model on
different regions of input space, but also allows for quantification of the ensemble’s uncertainty.
Our model is motivated by the problem of PM2.5 prediction across the contiguous USA. We
solve two obstacles in our model – first, the size of the dataset necessitates the development of
a fast approximate inference for our BNE model, which we do using random Fourier features
and Laplace approximation, and second, to close the unavoidable gap between reality and our
modeling assumptions we use conformal prediction to get accurate coverage estimation. Finally,
we demonstrate the practicality and usefulness of this model by doing thorough experiments on
the PM2.5 dataset.

1 Introduction

Ensemble methods are a well-developed framework of machine learning and statistics [Dietterich, 2000,
Claeskens and Hjort, 2008, Zhou, 2012], with the winning solution of the Netflix Prize challenge be-
ing a notable example [Bell and Koren, 2007]. In this approach, multiple predictions of the same
event made by predetermined models are ensembled in a way that improves the overall prediction.
Let D = {(X1, Y1), . . . , (Xn, Yn)} be a training set of n data pairs drawn i.i.d. from some unknown
distribution P on the set X × Y, where X ⊆ Rd and Y ⊆ R. In this paper, we focus on the model
ensembling problem for regression with spatio-temporally evolving data, i.e., X will be R3 with a
typical point being (latitude, longitude, time). The problem of designing an ensemble method can
be broken into two primary tasks: 1) create a collection S = {S1, . . . , SL} of individual models
such that each Sℓ is a mapping from X to Y, possibly using data other than D; and 2) develop
a combination rule Ŝ = f(S1, . . . , SL) : X → Y. In this paper, we focus on the second task and
assume the models S are already known.

The most basic ensemble is of the form

Ŝ =
∑L

ℓ=1 cℓSℓ,

where the weights c1, . . . , cL are nonnegative and sum to 1. Traditional ensemble methods work
with fixed weights c1, . . . , cL. However, it is often desirable that the weights be adaptive, i.e., are
functions mapping X to [0, 1] with the constraint that at every point in X these functions sum to
1. This allows the ensemble Ŝ to weight models flexibly depending on which regions of the input
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space X they perform better. It is also desirable to provide uncertainty estimates for the ensemble
prediction [Liu et al., 2019].

As a concrete example that motivates our proposed model, we consider the problem of predicting
PM2.5 concentration in the contiguous United States. Several existing models exist for this problem
developed by research groups in the environmental sciences. These models employ different inputs
(e.g., remote sensing, chemical transport models, land use variables) and different algorithms (e.g.,
neural networks, random forests, generalized additive models). They make fine scale predictions
across all locations within the USA. Meanwhile, throughout the USA there also exist about 1000
monitors that regularly collect reading of PM2.5. Using such data, an ensemble would allow us
to naturally combine the strengths of these models to obtain better predictions than each of the
individual models. Furthermore, a spatio-temporally adaptive ensemble would add flexibility to
the model averaging. Such a framework would provide a means for employing expert knowledge
contained in the carefully-crafted models while improving predictions with interpretable spatio-
temporal model averaging. We also emphasize that, for many problems, such as PM2.5 prediction,
the models S are developed by experts using painstaking years of research, and therefore it is
essential in such fields to create an ensemble of existing models in S using training data D rather
than create a new model from scratch using only the training data D. In this paper, we propose
a method that uses set of spatio-temporally adaptive Gaussian processes, which is made scalable
using the random Fourier feature approach.

Finally, how do we know if our model correctly represents the reality? More precisely, suppose,
as before, we have the training data D = {(X1, Y1), . . . , (Xn, Yn)} drawn i.i.d. from P, using which
we fit a Bayesian model f̂ : X → P(Y), where P(Y) denotes the set of probability measures on
Y, i.e., at each point x ∈ X , we get a posterior distribution f̂(x) on Y. Since we are in Euclidean
spaces, we can disintegrate (see [Çınlar, 2011] Theorem 2.18) P as follows

P(dx, dy) = PX (dx)PY|X (x, dy),

where PX denotes the marginal distribution of P on X and PY|X denotes the transition probability
kernel from X to Y, which at each point x ∈ X gives a probability measure PY|X (x, ·) on Y. Now
suppose we draw a new point (Xn+1, Yn+1) from P independently of D. If our model f̂ is indeed
correct, then we would expect the distribution f̂(Xn+1) to equal the distribution PY|X (Xn+1, ·).
This, however, is too strong a requirement and instead we would like a more relaxed requirement:
if Cα(Xn+1) ⊆ Y is a set with f̂(Xn+1)−measure at least 1 − α, then we would also like to have
valid coverage

P {Yn+1 ∈ Cα(Xn+1)} ≥ 1− α.

Conformal prediction is a technique tailor-made for constructing such sets Cα that attain valid
coverage in finite samples without making any assumptions on our model.

In the next section, Section 2, we provide the relevant technical background, namely Bayesian
nonparametric models, Gaussian processes, random Fourier features (RFF), and conformal predic-
tion. In Section 3 we describe in detail our Bayesian nonparametric ensemble and how to do fast
inference on it using RFF and do conformal prediction for valid coverage. Finally, in Section 4 we
perform extensive experiments on the PM2.5 dataset to test our model.
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2 Technical Background

2.1 Bayesian Nonparametric Models

Throughout the paper we assume an underlying probability space (Ω,F ,P) which serves as the
common domain for random variables unless specified otherwise. A statistical model M on a sample
space Z is a set of probability measures on Z (assuming some suitable σ−algebra on Z). If there
exists a parameter space Ξ ⊆ Rd for some d ∈ N such that the elements of M can be indexed as M =
{Pθ : θ ∈ Ξ}, then M is called a parametric model, otherwise M is called a nonparametric model
[Orbanz, 2014]. We focus on nonparametric models M for which we can write M = {Pθ : θ ∈ Ξ},
and thus Ξ is necessarily infinite-dimensional. As an example of a parametric model, if M is taken
to be the set of all Gaussian measures on R, then Ξ = R × [0,∞) ⊂ R2 serves as the parameter
space with each element of M indexed by its mean µ and variance σ2 as (µ, σ2) ∈ Ξ. An example
of a nonparametric model is Gaussian processes which we discuss in the section 2.2.

In the Bayesian setting, we treat all unknown quantities as random variables, and since the pa-
rameter of the data generating distribution is unknown, we treat it as a random variable Θ: Ω → Ξ
(assuming some suitable σ−algebra on Ξ). The distribution π = P◦Θ−1 of Θ is called the prior dis-
tribution, or simply prior, is a measure on Ξ, and represents our state of knowledge of the parameter
before seeing any data. The data are represented by a random sequence Z = (Z1, Z2, . . .) such that
each Zi : Ω → Z is a random variable. We observe n samples {z1, . . . , zn} which are interpreted as
observed values of the first n random variables of Z. Under the Bayesian setting, the data are as-
sumed to be generated using the two steps: Θ ∼ π and Z1, Z2, . . . | Θ

i.i.d.∼ PΘ. The learning process
is then computing the posterior distribution, or simply posterior, π [Θ ∈ · | Z1 = z1, . . . , Zn = zn],
which is the conditional distribution of Θ given the observed data and, intuitively, provides us with
an updated beliefs about the parameters.

2.2 Gaussian Process

Recall that for an arbitrary index set T , we call the collection Θ = {Θt}t∈T of random variables a
stochastic process.

Definition 2.1 (Gaussian process). A stochastic process {Θt}t∈T is called a Gaussian process if for
any n ∈ N and any t1, t2, . . . , tn ∈ T , (Θt1 ,Θt2 , . . . ,Θtn) is a (possibly degenerate) Gaussian random
vector.

The distributions of (Θt1 ,Θt2 , . . . ,Θtn) for all t1, t2, . . . , tn ∈ T are called the finite-dimensional
marginals of the stochastic process Θ. A Gaussian process is completely specified by its mean
function m(t) := E [Θt] and covariance function k(s, t) := E [(Θs −m(s))(Θt −m(t))]. We denote
the Gaussian process with mean function m and covariance function k by GP(m, k).

For our ensemble model, we are interested in learning adaptive weights for each expert. To this
end, let Z, the sample space, be the Cartesian product X × Y, where X ̸= ∅ is the domain of
the experts and Y ̸= ∅ is the codomain of the experts. Let Ξ, the parameter space, be the set of
functions mapping X to Y, i.e., Ξ = YX . Gaussian processes provide a convenient prior over the
space of functions. To see this, consider the following alternate viewpoint of Gaussian processes.
Taking T to be X and Θt : Ω → Y for each t ∈ X in the definition above, we can consider Θ as a
random function Θ: Ω → YX . Then the pushforward measure P ◦ Θ−1 defines a measure on the
function space YX . Therefore, we can we view the Gaussian process Θ as inducing a distribution
over the function space Ξ = YX and choose its distribution P ◦Θ−1 to be a prior over Ξ.
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2.2.1 Gaussian Process Regression

The classical Bayesian linear regression model with Gaussian noise can be written as

f(x) = ϕ(x)⊤w, Y = f(x) + ε (1)

where x ∈ X ⊆ Rd is the input vector, ϕ : Rd → RD takes x into a higher dimensional feature space,
w ∈ RD is a vector of weights, Y is the target random variable whose instances are observed, and
ε ∼ N (0, σ2) is independent noise. Suppose we induce a prior w ∼ N (0, λ−1I) on the weights. Then
it can be shown [Rasmussen and Williams, 2005] that f is a Gaussian process with mean function
E [f(x)] = ϕ(x)⊤ E [w] = 0 and covariance function E [f(x)f(x′)] = ϕ(x)⊤ϕ(x′)/λ.

This marginal can be written as a Gaussian process Θ ∼ GP(0, k), with

Y = Θx + ε, ε ∼ N (0, σ2) (2)

where ε is independent noise. Given the data {(xi, yi)}i=1,...,n we are interested in the posterior
distribution

P [Θ ∈ · | Y1 = y1, . . . , Yn = yn]

which as we claimed before is uniquely specified by the finite-dimensional marginals, i.e., the distri-
butions of

(Θxn+1 , . . . ,Θxn+m) | Y1 = y1, . . . , Yn = yn (3)

for all m ≥ 1. We can view (xn+1, . . . , xn+m) as test data for which we need model predictions. It
is easily shown that the posterior is also a Gaussian process.

2.3 Kernel Methods

We briefly introduce the relevant ideas from kernel theory. See [Christmann and Steinwart, 2008]
(Chapter-4) or [Berlinet and Thomas-Agnan, 2004] for more details.

Definition 2.2 (Positive definite kernel). A function k : X × X → R is called a positive definite
kernel on X , if it is symmetric, i.e., k(x1, x2) = k(x2, x1) for all x1, x2 ∈ X , and if for any n ∈ N,
{a1, . . . , an} ⊂ R and {x1, . . . , xn} ⊆ X , we have

n∑
i=1

n∑
j=1

aiajk(xi, xj) ≥ 0. (4)

Condition (4) can be equivalently stated as the Gram matrix, i.e., the matrix K with elements
Ki,j = k(xi, xj), is positive semi-definite. k : X × X → R is a positive definite kernel if and only if
there exists a R−Hilbert space H and a map ϕ : X → H such that for all x1, x2 ∈ X we have

k(x1, x2) = ⟨ϕ(x1), ϕ(x2)⟩H .

This is the well-known kernel trick allowing us to implicitly compute inner products in a possibly
infinite dimensional feature space H.

Definition 2.3 (Reproducing Kernel Hilbert Space). Let H be a R−Hilbert function space over
X , i.e., a R−Hilbert space that consists of functions mapping from X into R.
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(i) A function k : X × X → R is called a reproducing kernel of H if we have k(·, x) ∈ H for all
x ∈ X and the reproducing property

f(x) = ⟨f, k(·, x)⟩H

(ii) The space H is called a reproducing kernel Hilbert space (RKHS) over X if for all x ∈ X the
evaluation functionals δx : H → R defined by

δx(f) = f(x), f ∈ H

are continuous.

Reproducing kernels are positive definite kernels, every RKHS has a unique reproducing kernel,
and every positive definite kernel has a unique RKHS. Thus, positive definite kernels and RKHSs
are in one-to-one correspondence.

2.3.1 Kernel Ridge Regression

Suppose our observed data D are generated by some unknown function with additive noise, i.e.,

yi = g(xi) + εi (5)

where, like before, the noise is independent of each other, and g : X → Y is some unknown function.
We wish to find a function f∗ from an RKHS that best approximates g as follows

J(f∗) = inf
f∈H

J(f)

= inf
f∈H

R
(
∥f∥2H

)
+ Ln(f(x1), . . . , f(xn))

where, R is a nondecreasing function and Ln is a continuous function. Representer theorem
[Schölkopf et al., 2001] guarantees that f∗ is of the form f∗ =

∑n
i=1 αik(·, xi). In kernel ridge

regression, we take R
(
∥f∥2H

)
= σ2 ∥f∥2H and Ln(f(x1), . . . , f(xn)) =

∑n
i=1 (f(xi)− yi)

2. See sup-
plementary material section 2.2 or [Kanagawa et al., 2018] for the connection between kernel ridge
regression and Gaussian process regression.

2.3.2 Random Fourier Features

Notwithstanding their theoretical simplicity, kernel methods show poor scalability due to their
reliance on the Gram matrix. For a data set of n points simply storing the Gram matrix requires
O(n2) space and simple algorithms like Gaussian process regression and kernel ridge regression
discussed above require O(n3) time due to the matrix inversion or equivalent computations. To
mitigate this issue many randomized kernel methods have been proposed, among which random
Fourier features [Rahimi and Recht, 2008] is widely popular.

Random Fourier features relies on Bochner’s theorem [Rudin, 1990], which states that k : Rd ×
Rd → C is a translation invariant (i.e., k(x, y) = k(x − y, 0)) positive definite kernel if and only if
it is the Fourier transform of a finite nonnegative Borel measure Γ, called the spectral measure, on
(Rd,B(Rd)), i.e.,

k(x, y) =

∫
Rd

eiγ
⊤(x−y) dΓ(γ)
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where i is the imaginary number satisfying i2 = 1 (and not the index). Since k is real-valued and
symmetric we can simplify the above equation to get

k(x, y) =

∫
Rd

cos
(
γ⊤(x− y)

)
dΓ(γ)

Since Γ(Rd) = k(0, 0), by appropriate scaling of the kernel we may, without loss of generality, assume
Γ to be a probability measure. For example, if k is the Gaussian kernel k(x, y) = exp

{
−∥x−y∥22

2h

}
,

where h > 0 is the length scale, then since k(0, 0) = 1, the corresponding measure Γ is a probability
measure and is easily checked to be N

(
0, 1

hId
)
.

The idea of Rahimi and Recht was to use a Monte Carlo sum to approximate the integral
above: if γ1, . . . , γD

i.i.d.∼ Γ then using the fact that cos
(
γ⊤(x− y)

)
= cos

(
γ⊤x

)
cos

(
γ⊤y

)
+

sin
(
γ⊤x

)
sin

(
γ⊤y

)
, we can write

k(x, y) ≈ 1

D

D∑
i=1

cos
(
γ⊤i (x− y)

)
= z(x)⊤z(y)

where z : Rd → R2D is given by

z(x) =
1√
D

[
cos

(
γ⊤1 x

)
, sin

(
γ⊤1 x

)
, . . . , cos

(
γ⊤Dx

)
, sin

(
γ⊤Dx

)]⊤
An alternative mapping (see [Sutherland and Schneider, 2015] for a comparison) is z : Rd → RD

given by

z(x) =

√
2

D

[
cos

(
γ⊤1 x+ b1

)
, . . . , cos

(
γ⊤Dx+ bD

)]⊤
where again γ1, . . . , γD

i.i.d.∼ Γ and b1, . . . , bD
i.i.d.∼ Uniform[0, 2π]. It is easy to see that in each case

k(x, y) = E
[
z(x)⊤z(y)

]
.

For any choice of such a mapping, z, which we call approximate feature mapping, we can construct
a substitute kernel k̃ defined on Rd by k̃(x, y) := z(x)⊤z(y) and see that it is in fact a positive definite
kernel. Note that it is not necessary that its corresponding RKHS H̃ is contained in H. Suppose
Z ∈ Rn×D is the matrix whose ith row is z(xi)

⊤, and let K̃ = ZZ⊤. K̃ is an approximation of K
and is the Gram matrix for the substitute kernel k̃. Using the low-rank approximation K̃ instead
of K decreases the time complexity of kernel methods from O(n3) to O(D2n) and space complexity
from O(n2) to O(Dn), a significant improvement.

2.4 Conformal Prediction

Conformal prediction was introduced by Vovk, Gammerman and Shafer in the early 2000s. See the
book [Vovk et al., 2005] and the tutorials [Shafer and Vovk, 2008, Angelopoulos and Bates, 2021]
for a detailed introduction.

The setting is the same as in the introduction: we have the training data D = {(X1, Y1), . . . , (Xn, Yn)}
drawn i.i.d. from an unknown distribution P on the product space X ×Y . We draw an independent
test point (Xn+1, Yn+1) from P, and we would like to construct a prediction interval Cα(Xn+1) for
α ∈ (0, 1) such that

P {Yn+1 ∈ Cα(Xn+1)} ≥ 1− α.
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Suppose we train a model X ∋ x 7→ f̂(x) = (f̂1(x), f̂2(x)) ∈ (Y,P(Y)) on the training data D.
Here the output of f̂ is a pair containing a prediction f̂1–say, the mode of the posterior predictive
in Bayesian models, and a probability distribution f̂2–say, the posterior predictive in the case of
Bayesian models. The prediction interval computed using this distribution may not be accurate,
perhaps due to various approximations at different stages of the inference or because the model
itself does not correctly represent the reality. Therefore, a natural empirical method to compute
the prediction intervals would then be to let

Cα(Xn+1) =
[
f̂1(Xn+1)− Q1−α

({∣∣∣Yi − f̂1(Xi)
∣∣∣}n

i=1

)
, f̂1(Xn+1) + Q1−α

({∣∣∣Yi − f̂1(Xi)
∣∣∣}n

i=1

)]
,

where Qτ denotes the τ−quantile of a distribution and Q1−α

({∣∣∣Yi − f̂1(Xi)
∣∣∣}n

i=1

)
is assumed to

mean the 1−α empirical quantile for the points
{∣∣∣Yi − f̂1(Xi)

∣∣∣}n

i=1
, i.e., Q1−α

({∣∣∣Yi − f̂1(Xi)
∣∣∣}n

i=1

)
is the ⌈(1− α)n⌉th smallest value in the set

{∣∣∣Yi − f̂1(Xi)
∣∣∣}n

i=1
.

However, the residuals
∣∣∣Yi − f̂1(Xi)

∣∣∣ for the training data will typically be smaller than the
residuals for unobserved data, and thus this interval would typically undercover. Therefore, an-
other approach could be to do K−fold cross-validation, also known as jacknife in the literature
[Barber et al., 2021]. That is, we split the training data D into K disjoint subsets D1, . . . ,DK each
of size approximately n/K. Then train f̂−i on D \ Di and use

Cα(Xn+1) =
[
f̂1(Xn+1)− Q1−α

({∣∣∣Yi − f̂−k(i),1(Xi)
∣∣∣}n

i=1

)
, f̂1(Xn+1) + Q1−α

({∣∣∣Yi − f̂−k(i),1(Xi)
∣∣∣}n

i=1

)]
as the prediction interval, where k(i) ∈ {1, . . . ,K} is such that i ∈ Dk(i). Rich literature exists for
this method, see [Stone, 1974, Geisser, 1975, Butler and Rothman, 1980, Barber et al., 2021], but
coverage guarantees exist only in the asymptotic regime.

Conformal prediction allows for finite sample coverage guarantees. We will use the split con-
formal prediction, which despite being fast gives prediction intervals with statistical guarantees.
We start by splitting the data D into two disjoint subsets, DT and DC , such that DT is now
used for training the model and DC is left untouched during training. We design a score function
S : X × Y → R, and this is important for the success of conformal prediction, such that S(X,Y )
measures how “unusual” the pair (X,Y ) is according to our trained model. Two examples of score
functions are

∣∣∣Y − f̂1(X)
∣∣∣ and

∣∣∣Y − f̂1(X)
∣∣∣ /u(X), where u(X) measures the uncertainty at X ac-

cording to the model. We will choose the second choice, since it gives us more flexible prediction
intervals. Then compute

q̂ = Q1−α

(
{S(X,Y )}(X,Y )∈DC

)
.

Finally, the prediction interval for a new test point (Xn+1, Yn+1) is given by

Cα(Xn+1) =
[
f̂1(Xn+1)− u(Xn+1)q̂, f̂1(Xn+1) + u(Xn+1)q̂

]
Conformal prediction guarantees that

P {Yn+1 ∈ Cα(Xn+1)} ≥ 1− α.

For a proof, see [Vovk et al., 2005]. There the assumption of i.i.d. data is relaxed to exchangeability
of data. It turns out that even exchangeability can be relaxed, see [Barber et al., 2022].

The prediction intervals obtained using conformal prediction satisfy some desired properties: 1)
they are smaller when α gets bigger, and 2) they are as small as possible.
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3 Bayesian Nonparametric Ensemble

The model weights cℓ’s are highly dependent on each other and simple Bayesian nonparamet-
ric models don’t provide the flexibility to model this dependence. Dependent tail-free process
of [Jara and Hanson, 2011], which we recall next, provide a natural and powerful framework for
inducing a prior on the model weights cℓ’s.

Let q ≥ 2, E = {1, 2, . . . , q} and E∗ =
⋃∞

m=1E
m. Consider the sequence of partitions of R given

by π0 = {R}, π1 = {B1, . . . , Bq}, π2 = {B11, . . . , B1q, B21, . . . , B2q, . . . , Bq1, . . . , Bqq}, . . ., such that
B1 ∪ · · · ∪ Bq = R, Bi ∩ Bj = ∅ for any i ̸= j, and for each m ∈ N and every ε = ε1 · · · εm ∈ Em,
Bε = Bε1∪ · · ·∪Bεq and Bεi∩Bεj = ∅ for any i ̸= j. Assume that for any ε ∈ E∗, Bε is a left-open
right-closed interval unless ε is a string of q’s only, and that the elements of each partition πm are
arranged in the natural order, i.e., B1···1 comes first, then B1···q, and so on. Let π∗ =

⋃∞
m=0 πm

and further assume that the σ−algebra generated by π∗ contains the Borel σ−algebra B(R). Let
h : Rq → {u ∈ [0, 1]q : u1 + · · ·+ uq = 1} be a continuous function such that it is strictly increasing
in each of its arguments. For example, h could be the softmax function.

Definition 3.1. Let A = {Vε : ε ∈ E∗} be a set of covariance functions and P(R) be the set of
all Borel probability measures on R. Let G = {Gx : x ∈ X} be a P(R)−valued stochastic process
on the underlying probability space (Ω,F ,P), i.e., each Gx : Ω → P(R) is a random probability
measure. Suppose G is such that:

1. the collections {Gε,x : x ∈ X}, for every ε ∈ E∗, are mutually independent zero mean Gaus-
sian processes with covariance functions Vε respectively;

2. for every x ∈ X , ω ∈ Ω and every ε = ε1 · · · εm ∈ E∗, Yε1···εm−1i(x, ω) = h(Gε,x(ω))i for every
i = 1, . . . , L;

3. for every x ∈ X and ε = ε1 · · · εm ∈ E∗,

Gx(ω)(Bε) =
m∏
j=1

Yε1···εj (x, ω)

Then the process G is called a dependent tail-free process. We denote it as G ∼ DTFP(X , h,A, π∗).

An example of dependent tail-free processes are Pólya trees, which themselves are generalization
of Dirichlet processes [Lavine, 1992, Ferguson, 1974].

Recall the training data set D = {(x1, y1), . . . , (xn, yn)} and the collection S = {S1, . . . , SL} of
base models from Section 1. The Bayesian nonparametric ensemble Ŝ : X → Y is constructed using
a dependent tail-free process. Suppose we believe a-priori that the collection S can be arranged
in a hierarchical order as a tree TS , called model tree, possibly using knowledge of the data or the
training process used to get the base models. Suppose the height of TS is m and the maximum
degree is q. See Figure 1 for an example with m = 2 and q = 3.

We can then construct a partition tree, TR,S , which corresponds naturally to the model tree TS
such that the root of TR,S is R, the children of each node form the node’s partition, the height
is m, and the degree of every non-leaf node is q, possibly using empty sets as nodes. Note that
the leaf nodes of TS,R form a partition of R. We can associate every node in this tree to a set of
models. See Figure 2 for the construction corresponding to Figure 1. Let Bε ⊆ R be the node in
TR,S corresponding to Sε ⊆ S, where Sε is a node from TS . Then if we have a dependent tail-free
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S

{S1, S2, S3}

S1 S2 S3

S4

Figure 1: An example of a model tree obtained from some hierarchical structure for S =
{S1, S2, S3, S4}.

process G ∼ DTFP(X , h,A, π∗) where π∗ is chosen such that it contains all aforementioned Bε’s,
Gx(ω)(Bε) gives us the probability that at point x ∈ X the set of models Sε explains the output.
These probabilities could equivalently be used to weight the L models to get an ensemble:

Ŝ(x)(ω) =
L∑

ℓ=1

Gx(ω)(Bεℓ)Sℓ(x)

where Bεℓ is the partition that corresponds to Sℓ. Since all Bεℓ are the leaves in the partition tree,
and all other leaves correspond to empty sets, we have

∑L
ℓ=1Gx(ω)(Bεℓ) = 1.

R

B1

B11 B12 B13

B2 B3

Figure 2: With reference to Figure 1, R corresponds to S, B1 corresponds to the set {S1, S2, S3} of
models, B11 corresponds to S1, B12 corresponds to S2, B13 corresponds to S3, B2 corresponds to
S4, and B3 = ∅ and corresponds to no model. {B1, B2, B3} form a partition of R, {B11, B12, B13}
form a partition of B1, and therefore the leaves {B11, B12, B13, B2, B3} form a partition of R.

We augment the collection S with a model S0 which is always 1 and serves as a bias term. This
serves to mitigate the collection {S1, . . . , SL}’s systematic bias. We focus on a special case of the
Bayesian nonparametric ensemble described above. We assume no a-priori knowledge of the models
and therefore assume the model tree TS to be of height 1 as shown in Figure 3a. The corresponding
partition tree TS,R is shown in Figure 3b.

The dependent tail-free process we use is such that the set of covariance functions A con-
tains only one kernel k on X ⊆ Rd, the function h on RL is the softmax function h(v)ℓ =
exp {vℓ} /

∑L
p=1 exp {vp} for v ∈ RL, and π∗ contains the sets B1, . . . , BL. Then if G ∼ DTFP(X , h,A, π∗)

and we denote cℓ(x)(ω) = Gx(ω)(Bℓ), we could describe our model by the following simple genera-
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S

S1 S2 . . . SL

(a) Model tree TS .

R

B1 B2 . . . BL

(b) Partition tree TS,R.

Figure 3: The model and partition trees for our model.

tive process:

yi | Ŝ, xi
i.i.d.∼ N (Ŝ(xi), σ

2), i = 1, . . . , n

Ŝ(xi) =

L∑
ℓ=0

cℓ(xi)Sℓ(xi), i = 1, . . . , n

c0 = g0, cℓ =
exp {gℓ}∑L
p=1 exp {gp}

, ℓ = 1, . . . , L

gℓ
i.i.d.∼ GP(0, k), ℓ = 0, 1, . . . , L

(6)

The model weights cℓ allow for adaptive weighting of different models. Modeling these weights
using a function of Gaussian processes allows for uncertainty quantification. Intuitively, in regions of
input space X with low overlap with D or where the models {S1, . . . , SL} disagree, the uncertainty
in weights will be high. The inference task we are interested in is learning the posterior distribution
for the model weights.

3.1 Approximation Using RFF

Inference for even the simple model described above is unfeasible for large n due to the time and
memory requirements. Random Fourier features allow us to tackle this limitation by using the
approximate Gram matrix K̃ defined in Section 2.3.2.

Recall the Gaussian processes-view of regression from Section 2.2.1 and combine that with the
RFF approximation k(x, x′) ≈ z(x)⊤z(x′). Then if we impose the priors wℓ ∼ N

(
0, λ−1ID

)
on the

L+ 1 weight vectors from equation (1), we can approximate the Gaussian processes in (6) as

gℓ(x) ≈ ĝℓ(x) = z(x)⊤wℓ, x ∈ X , ℓ = 0, 1, . . . , L.

Approximations to the model weights become

ĉ0 = ĝ0, ĉℓ =
exp {ĝℓ}∑L
p=1 exp {ĝp}

, ℓ = 1, . . . , L.

The ensemble becomes

Ŝ(x) =

L∑
ℓ=0

ĉℓ(x)Sℓ(x) = S(x)⊤ĉ(x) + z(x)⊤w0

where S(x) := [S1(x), . . . , SL(x)]
⊤ and ĉ(x) := [ĉ1(x), . . . , ĉL(x)]

⊤. Like before, we are interested in
learning the posterior distribution over the model weights ĉℓ’s, which now reduces to learning the
posterior distribution over the weight vectors wℓ’s. We have tamed our nonparametric model by
converting it into a parametric model.
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3.2 Estimation

Getting the exact posterior or an approximation using Gibbs sampling is impossible since the
posterior or the conditional terms needed for Gibbs sampling are not closed form. Markov Chain
Monte Carlo methods are prohibitively slow. Although mean-field variational inference provides a
convenient way to approximate the posterior, the latent variables would not remain interdependent,
and it necessitates variance reduction techniques [Ranganath et al., 2014]. We therefore do the
simple yet powerful maximum a posteriori (MAP) & Laplacian approximation.

The generative model allows us to get MAP and Laplace estimates by maximizing the log joint
likelihood (ignoring the terms constant with respect to the weights)

L = − 1

2σ2

n∑
i=1

(
yi − Ŝ(xi)

)2
− λ

2

L∑
ℓ=0

∥wℓ∥2 (7)

= − 1

2σ2

n∑
i=1

(
yi − S(xi)

⊤ĉ(xi)− z(xi)
⊤w0

)2

− λ

2

L∑
ℓ=0

∥wℓ∥2

3.2.1 Gradients And Hessians

We need to compute the gradients of the log joint likelihood (7) with respect to the weight vectors
wℓ’s and compute the Hessian to be able to find MAP and Laplace estimate. The gradient with
respect to w0 is simple:

∇w0L =
1

σ2

n∑
i=1

(
yi − Ŝ(xi)

)
z(xi)− λw0.

Before we compute the gradients ∇wℓ
L for ℓ = 1, . . . , L, we note that if Aj =

exp{g(aj)}∑L
p=1 exp{g(ap)}

, where

g is a real-valued differential function, then if δjℓ denotes the Kronecker delta which equals 1 if j = ℓ
and 0 otherwise, we have

∂Aj

∂aℓ
=

1∑L
p=1 exp {g(ap)}

∂ exp {g(aj)}
∂aℓ

− exp {g(aj)}
∂(
∑L

p=1 exp {g(ap)})−1

∂aℓ

= δjℓAj
∂g(aℓ)

∂aℓ
− Aj∑L

p=1 exp {g(ap)}
∂g(aℓ)

∂aℓ

= Aj
∂g(aℓ)

∂aℓ
(δjℓ −Aℓ) .

Thus, ∇wℓ
ĉj(xi) = ĉj(xi)z(xi) (δjℓ − ĉℓ(xi)), and we get

∇wℓ
L =

1

σ2

n∑
i=1

(
yi − Ŝ(xi)

)
∇wℓ

S(xi)
⊤ĉ(xi)

=
1

σ2

n∑
i=1

(
yi − Ŝ(xi)

)
ĉℓ(xi)z(xi)

[
Sℓ(xi)− S(xi)

⊤ĉ(xi)
]
.
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Then gradient ascent allows us to quickly find the MAP. To get the Laplace approximation, we need
to compute the Hessians. The Hessian will be a D(L+1)×D(L+1) matrix storing all second order
gradients. We compute each block D ×D of the Hessian one by one. The top left D ×D block is
∇2

w0
L given by

∇2
w0
L = − 1

σ2

n∑
i=1

z(xi)z(xi)
⊤ − λID.

The L blocks along the first column and the first row are

∇wℓ
∇w0L = − 1

σ2

n∑
i=1

z(xi)z(xi)
⊤ĉℓ(xi)

[
Sℓ(xi)− S(xi)

⊤ĉ(xi)
]
, ℓ = 1, . . . , L

Note that ∇w0∇wℓ
L = ∇wℓ

∇w0L. The L blocks along the diagonal of the Hessian are

∇2
wℓ
L = − 1

σ2

n∑
i=1

z(xi)z(xi)
⊤
(
u
(1)
i + u

(2)
i + u

(3)
i

)
− λID, ℓ = 1, . . . , L

where

u
(1)
i = ĉ2ℓ (xi)

[
Sℓ(xi)− S(xi)

⊤ĉ(xi)
]2

u
(2)
i = −ĉℓ(xi)(1− ĉℓ(xi))

(
yi − Ŝ(xi)

) [
Sℓ(xi)− S(xi)

⊤ĉ(xi)
]

u
(3)
i = ĉ2ℓ (xi)

(
yi − Ŝ(xi)

) [
Sℓ(xi)− S(xi)

⊤ĉ(xi)
]
.

The off-diagonal blocks for j ̸= ℓ are given by

∇wj∇wℓ
L = − 1

σ2

n∑
i=1

z(xi)z(xi)
⊤
(
v
(1)
i + v

(2)
i + v

(3)
i

)
where

v
(1)
i = ĉj(xi)ĉℓ(xi)

[
Sj(xi)− S(xi)

⊤ĉ(xi)
] [

Sℓ(xi)− S(xi)
⊤ĉ(xi)

]
v
(2)
i = ĉj(xi)ĉℓ(xi)

(
yi − Ŝ(xi)

) [
Sj(xi)− S(xi)

⊤ĉ(xi)
]

v
(3)
i = ĉj(xi)ĉℓ(xi)

(
yi − Ŝ(xi)

) [
Sℓ(xi)− S(xi)

⊤ĉ(xi)
]
.

Then the posterior is approximated as a Gaussian distribution with mean being the MAP and
covariance being the inverse of the negative of the Hessian [Bishop, 2006].

4 Experiments

Particulate matter 2.5, or PM2.5, are fine inhalable particles with diameters that are 2.5 micrometers
or smaller. Excess exposure to them can cause multiple respiratory problems and therefore moni-
toring of their levels is an important environmental problem. For our experiments we focus on the
problem of predicting the PM2.5 concentration within the contiguous United States. Throughout
the contiguous United States there are about 1000 ground monitoring sites which provide daily or

12



Figure 4: Annualized average PM2.5 concentration readings for the year 2015 by the ground moni-
tors.

weekly readings depending on the monitoring site. See Figure 4 for the locations and the average
readings for the year 2015 for all the ground monitors. All the readings are in µg/m3.

As can be seen there are large areas where the readings are sparse and therefore multiple ap-
proaches have been developed by various environmental teams [Di et al., 2019, Hammer et al., 2020,
Shaddick et al., 2016, Kim et al., 2020] which use this ground monitoring data along with satellite-
derived aerosol optical depth, land-use variables, chemical transport model predictions, and several
meteorological variables to make much more fine-grained (1 km × 1 km resolution, for example)
predictions for PM2.5. Since these approaches use differing data and differing models they have own
strengths and weaknesses. This data provides a perfect test-bed for BNE: we use 6 such meteoro-
logical models as our base models and attempt to learn an ensemble model on top of them. The
expectation is that BNE would perform better than each of the base models.

4.1 Experimental Setup

The data D = {xi, yi}i=1,...,n we use for our experiments are the daily readings by the ground
monitors for the six years 2010–2015. The number of readings n during this time is about 600k.
Each xi ∈ R3 and is the triple (latitude, longitude, time stamp). Each yi ∈ R is the reading for
PM2.5 by a ground monitor at xi. We use a Gaussian kernel with different length scales for the
spatial and temporal coordinates since they are not comparable. The hyperparameters for BNE are
the number of random Fourier features, D, the parameter λ for the prior of the weights wℓ, the
length scales h and ht for spatial and temporal coordinates respectively, and the noise variance σ2.

We perform 20−fold cross validation to tune the hyperparameters and measure different models’
performance as follows: fix the hyperparameters; randomly partition the data D into 20 blocks; for
the ith fold run, keep the ith block separate and train using gradient ascent on the remaining 19
blocks; then measure performance metrics on the ith block like mean absolute error, root mean
square error and coverage (percentage of the points in ith block whose true values lie within two
standard deviations of the predicted values); finally compute the median of the performance metrics
obtained in the 20 runs. See Figure 5 for a plot of the mean absolute errors for different values of
three hyperparameters. The hyperparameter values for BNE in table 1 are D = 500, λ = 0.0005,
h = 20.0, ht = 25.0, and σ2 = Var ({yi}ni=1) /8 (i.e., a signal to noise ratio of 8).

Figure 6 visualizes how the BNE weights different base models adaptively depending on the
spatial as well as the temporal location. Each row in the figure corresponds to a single day – winter
days are 1 January of the corresponding year, spring days are 1 April of the corresponding year,
summer days are 1 July of the corresponding year, and autumn days are 1 October of the corre-
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Figure 5: Hyperparameters.

Figure 6: Weights given by BNE to different base models. Each row represents a particular day in
a season and colors denote the weights cℓ(x) given by the BNE to each model at every location.
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Table 1: Different models’ performance.

Model MAE RMSE

Model 1 1.26 1.97
Model 2 3.93 5.96
Model 3 0.93 1.59
Model 4 3.97 5.22
Model 5 3.82 5.11
Model 6 3.62 4.81
Non-adaptive
ensemble 0.88 1.47

Gaussian process
regression 3.77 5.05

BNE 0.84 1.39

sponding year. We can see that model 1 is given high weight on the west coast during spring. Model
3 stands out due to the high weights in many regions – not surprising considering its performance
is much better than other base models as can seen from Table 1.

4.2 Baselines

As a baseline, we compare BNE against a non-adaptive ensemble S̃, given by

S̃(x) =
∑L

ℓ=0 c̃ℓSℓ(x),

where
∑L

ℓ=1 c̃ℓ = 1 and recall S0 = 1. The weights c̃ are not a function of x unlike in BNE.
Assuming a prior w̃ℓ

i.i.d.∼ N (0, λ−1) where c̃ℓ = exp {w̃ℓ} /
∑L

p=1 exp {w̃p} and the likelihood function

as yi
i.i.d.∼ N (S̃(xi), σ

2), the joint log likelihood function is

L̃ = − 1

2σ2

n∑
i=1

(
yi − S̃(xi)

)2
− λ

2

L∑
ℓ=0

w̃2
ℓ

Table 1 shows that this non-adaptive ensemble performs better than each of the base models, but
worse than BNE, showing that adaptivity plays an important role in BNE’s performance.

For another baseline we use Gaussian process regression on the data. The large size of the data
necessitates approximation using random Fourier features. This baseline does not use the six base
models at all and uses only the data D. As expected this method performs poorly as can be seen
from Table 1, since it doesn’t exploit the expertise of the base models.

4.3 Uncertainty Estimation

To use conformal prediction, we change the experimental setup. The data D = {xi, yi}i=1,...,n we use
for our experiments are still the daily readings by the ground monitors for the six years 2010–2015.
We then split D into three disjoint subsets DTr,DC and DTe: DTr is used for training and contains
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90% of the full data D, DC is used for calibration for conformal prediction and is 5% of D, and DTe
is used for testing at the end to get coverage estimates and is 5% of D.

We train the model on DTr to get the MAP estimate and Laplace approximation of the posterior.
We then compute q̂ on the calibration data DC by using the estimate by posterior predictive given
by a Monte Carlo estimate

p(y | Xn+1,DTr) =

∫
p(y | Xn+1, θ)p(θ | DTr) dθ ≈ 1

S

S∑
s=1

p(y | Xn+1, θs)

as the uncertainty function u mentioned in Section 2.4. We use α = 0.05 to get the 95% prediction
intervals. We also calculate the 95% prediction interval estimated using the model’s uncertainty.

Finally, we compare the coverage of the prediction intervals on the test data DTe. The coverage
for the model’s inherent uncertainty is only 30.5%, while the coverage for conformal prediction
is 99.9%. But note that the prediction intervals using conformal prediction are much wider and
therefore it’s no surprise that the coverage is higher. For example, the average width of the prediction
intervals according to the model is only 1.33 µg/m3, while for conformal prediction the average width
is 13.4 µg/m3. On the other hand, the model severely under-covers and conformal prediction was
necessary to get more accurate coverage.
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